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SUMMARY 

An e n g i n e e r i n g  approach was used t o  i n c l u d e  t h e  n o n l i n e a r  e f f e c t s  of 
t h i c k n e s s  and camber i n  an a n a l y t i c a l  a e r o e l a s t i c  a n a l y s i s  o f  cascades i n  
superson ic  a x i a l  f low (superson ic  leading-edge l o c u s ) .  A h y b r i d  code u s i n g  
L i g h t h i l l ' s  n o n l i n e a r  p i s t o n  t h e o r y  and Lane 's  l i n e a r  p o t e n t i a l  t h e o r y  was 
developed t o  i n c l u d e  these  n o n l i n e a r  e f f e c t s .  L i g h t h i l l ' s  t h e o r y  was used t o  
c a l c u l a t e  t h e  uns teady  p ressu res  on t h e  n o n i n t e r f e r e n c e  s u r f a c e  r e g i o n s  o f  t h e  
a i r f o i l s  i n  cascade. Lane 's  t h e o r y  was used t o  c a l c u l a t e  t h e  uns teady  p res -  
sures  on t h e  r e m a i n i n g  i n t e r f e r e n c e  s u r f a c e  r e g i o n s .  Two a i r f o i l  p r o f i l e s  were 
i n v e s t i g a t e d  - a superson ic  th rough f low  fan d e s i g n  and a NACA 66-206 a i r f o i l  
w i t h  a sharp  l e a d i n g  edge. 

R e s u l t s  show t h a t  compared w i t h  p r e d i c t i o n s  of L a n e ' s  p o t e n t i a l  t h e o r y  f o r  
f l a t  p l a t e s ,  t h e  i n c l u s i o n  o f  t h i c k n e s s  ( w i t h  or w i t h o u t  camber) may i n c r e a s e  
or decrease t h e  a e r o e l a s t i c  s t a b i l i t y ,  depending on  t h e  a i r f o i l  geometry and 
o p e r a t i n g  c o n d i t i o n s .  When t h i c k n e s s  e f f e c t s  a r e  i n c l u d e d  i n  t h e  a e r o e l a s t i c  
a n a l y s i s ,  i n c l u s i o n  o f  camber w i l l  i n f l u e n c e  t h e  p r e d i c t e d  s t a b i l i t y  i n  p ropor -  
t i o n  t o  t h e  magnitude o f  t h e  added camber. 
a n g l e ,  depending o n  t h e  a i r f o i l  p r o f i l e  and o p e r a t i n g  c o n d i t i o n s ,  may a l s o  be 
i n f l u e n c e d  b y  t h i c k n e s s  and camber. Compared w i t h  p r e d i c t i o n s  o f  L a n e ' s  l i n e a r  
p o t e n t i a l  t h e o r y ,  t h e  i n c l u s i o n  of t h i c k n e s s  and camber decreased t h e  aero-  
dynamic s t i f f n e s s  and inc reased  t h e  aerodynamic damping a t  Mach 2 and 2.95 f o r  
a cascade o f  superson ic  th rough f low  f a n  a i r f o i l s  o s c i l l a t i n g  180" o u t  o f  phase 
a t  a reduced f requency  o f  0.1. 

The c r i t i ' c a l  i n t e r b l a d e  phase 

INTRODUCTION 

I n  r e c e n t  y e a r s ,  t h e r e  has been i n c r e a s e d  i n t e r e s t  i n  p r o v i d i n g  e f f i c i e n t  
superson ic  p r o p u l s i o n  techno logy  f o r  superson ic  t r a n s p o r t  a p p l i c a t i o n s .  One 
concept t h a t  shows c o n s i d e r a b l e  p romise  i s  t h e  superson ic  t h r o u g h f l o w  f a n  
( S S T F )  eng ine .  A d e t a i l e d  d e s c r i p t i o n  of t h i s  eng ine  and i t s  b e n e f i t s ,  as w e l l  
as a s s o c i a t e d  r e s e a r c h ,  i s  g i v e n  i n  r e f e r e n c e s  1 and 2 and i s  d e s c r i b e d  b r i e f l y  
here .  T h i s  eng ine  concept ,  i f  s u c c e s s f u l ,  w i l l  r e a l i z e  a 12-percent  improve- 
ment i n  i n s t a l l e d  s p e c i f i c  f u e l  consumption and a 25-percent  r e d u c t i o n  i n  
i n s t a l l e d  w e i g h t  compared w i t h  a n o n a f t e r b u r n i n g  t u r b o f a n .  The SSTF w i l l  e f f i -  
c i e n t l y  p rocess  t h e  i n t a k e  a i r f l o w  a t  superson ic  t h r o u g h f l o w  v e l o c i t i e s ,  
t he reby  e l i m i n a t i n g  t h e  need fo r  a c o n v e n t i o n a l  superson ic  i n l e t  system. Thus, 
t h e  i n l e t  w e i g h t  r e d u c t i o n  r e a l i z e d  b y  u s i n g  t h e  SSTF w i l l  be abou t  o n e - h a l f  
t h a t  o f  c o n v e n t i o n a l  superson ic  i n l e t s .  O the r  advantages i n c l u d e  fewer  f a n  
stages r e q u i r e d  to  ach ieve  a g i v e n  p ressu re  r a t i o ,  l e s s  boundary - laye r  b l e e d  
drag ,  b e t t e r  . i n l e t  p ressu re  r e c o v e r y ,  and b e t t e r  ma tch ing  o f  bypass r a t i o  v a r i -  
a t i o n s  t o  f l i g h t  Mach number. 



P r e v i o u s  e x p e r i m e n t a l  r e s e a r c h  on t h e  SSTF concept  i s  e x t r e m e l y  l i m i t e d  
( r e f s .  3 t o  5 ) .  T h e r e f o r e ,  to  e v a l u a t e  t h e  concept  and p o t e n t i a l  o f  an SSTF, 
NASA Lewis Research Center  i s  c u r r e n t l y  c o n d u c t i n g  r e s e a r c h  t o  des ign ,  b u i l d ,  
and t e s t  an SSTF ( r e f s .  6 and 7 ) .  D u r i n g  t h e  o r i g i n a l  des ign o f  t h e  ro tor  
b lades ,  a e r o e l a s t i c  s t a b i l i t y  became a concern.  Consequent ly a l i n e a r ,  two- 
d imengional  uns teady  p o t e n t i a l  t h e o r y  p resen ted  by Lane ( r e f .  8)  was deve loped 
i n t o  a computer program ( r e f .  9) and i n c o r p o r a t e d  i n t o  an e x i s t i n g  a e r o e l a s t i c  
code for  use i n  t h e  a e r o e l a s t i c  s t a b i l i t y  a n a l y s i s  o f  t h e  SSTF ( r e f .  10) .  The 
b lades  were shown t o  be u n s t a b l e ,  and consequen t l y  were redesigned.  T h i s  a n a l -  
y s i s  c o n s i d e r e d  t h e  cascade o f  b lades  t o  be f l a t  p l a t e s .  
improve o u r  a n a l y s i s  c a p a b i l i t i e s ,  we d e s i r e d  t o  i n c o r p o r a t e  t h e  e f f e c t s  o f  
t h i c k n e s s  and camber i n t o  o u r  a e r o e l a s t i c  model. 

I n  an e f f o r t  t o  

P r e v i o u s  a n a l y t i c a l  work i n  t h e  a rea  o f  uns teady  supersonic  f low i n  cas- 
cades w i t h  superson ic  lead ing-edge l o c u s  (SLEL) has been l i m i t e d  t o  f l a t - p l a t e  
a i r f o i l  geomet r i es  ( r e f s .  8 t o  1 8 ) .  C u r r e n t l y ,  t h e r e  i s  an e f f o r t  a t  NASA 
Lewis t o  c o u p l e  superson ic  v e r s i o n s  of compu ta t i ona l  f l u i d  dynamic (CFD) codes 
( r e f s .  19 t o  21) t h a t  i n c l u d e  n o n l i n e a r  t h i c k n e s s  and camber e f f e c t s  w i t h  a 
s t r u c t u r a l  dynamic code ( t i m e  domain) ( r e f .  22) t o  c o m p u t a t i o n a l l y  s o l v e  t h i s  
problem. However, CFD s t r u c t u r a l - d y n a m i c  tools w i l l  p r o b a b l y  n o t  be used i n  
t h e  near  f u t u r e  for i n i t i a l  a e r o e l a s t i c  c a l c u l a t i o n s .  To c a l c u l a t e  t h e  f l u t t e r  
p o i n t  i n  t o r s i o n  of t h e  o r i g i n a l  SSTF w i t h  58 b lades ,  u s i n g  t h e  CFD s t r u c t u r a l -  
dynamic code ( r e f .  191, a l a r g e  amount o f  CPU t i m e  would be r e q u i r e d  on t h e  Cray  
XMP ( p e r s o n a l  communicat ion w i t h  D. Huf f ,  D r .  D. Hoyniak,  and D r .  T.S.R. Reddy 
o f  NASA Lewis Research C e n t e r ) .  The re fo re ,  CFD s t r u c t u r a l - d y n a m i c  codes w i l l  
p r o b a b l y  be used t o  r e f i n e  t h e  f l u t t e r  boundar ies p r e d i c t e d  by much more s imp le  
and e f f i c i e n t  a n a l y t i c a l  codes. 

The dilemma, t h e r e f o r e ,  i s  t h a t  coup led  CFD s t r u c t u r a l - d y n a m i c  codes t h a t  
i n c l u d e  n o n l i n e a r  t h i c k n e s s  and camber e f f e c t s  a r e  c o m p u t a t i o n a l l y  l e n g t h y ,  n o t  
p r e s e n t i n g  themselves as p r a c t i c a l  f l u t t e r  a n a l y s i s  tools, whereas t h e  l i n e a r  
a n a l y t i c a l  codes a v a i l a b l e ,  which t a k e  much l e s s  CPU t i m e ,  do n o t  i n c l u d e  non- 
l i n e a r  t h i c k n e s s  and camber e f f e c t s .  The re fo re ,  L i g h t h i l l ' s  n o n l i n e a r  p i s t o n  
t h e o r y  was u t i l i z e d  as a f i r s t  a t t e m p t  to  i n c l u d e  t h i c k n e s s  and camber e f f e c t s  
i n  an a n a l y t i c a l  a e r o e l a s t i c  s t a b i l i t y  a n a l y s i s  f o r  cascades w i t h  SLEL ( p e r s o n a l  
communication w i t h  D r .  J .  Adamczyk of NASA Lewis Research Cen te r ,  C leve land ,  OH, 
and D r .  M.F. P l a t z e r  of t h e  Naval Pos tg radua te  School ,  Monterey,  C A I .  A s  a 
r e s u l t ,  t h e  a e r o e l a s t i c  s t a b i l i t y  of cascades w i t h  SLEL, i n c l u d i n g  t h e  e f f e c t s  
o f  t h i c k n e s s  and camber, can be c a l c u l a t e d  e f f i c i e n t l y .  Consequent ly ,  t h e  
e x i s t i n g  uns teady  aerodynamic code ( r e f .  9)  was m o d i f i e d  to  i n c l u d e  t h e  non- 
l i n e a r  p i s t o n  t h e o r y .  

NONLINEAR PISTON THEORY 

Three n o n l i n e a r  uns teady  aerodynamic t h e o r i e s  for i s o l a t e d  a i r f o i l s  a r e  
known t o  t h e  a u t h o r .  They a r e  Van Dyke's t h e o r y  ( r e f .  231, L i g h t h i l l ' s  non- 
l i n e a r  p i s t o n  t h e o r y  ( r e f s .  24 t o  2 7 ) ,  and L a n d a h l ' s  t h e o r y  ( r e f .  28 ) .  The 
s i m p l i c i t y  o f  L i g h t h i l l ' s  n o n l i n e a r  p i s t o n  t h e o r y  i s  e v i d e n t  from r e f e r e n c e s  24 
and 25, where i t  i s  shown t h a t  t h e  a n a l y t i c a l  exp ress ion  f o r  t h e  uns teady  p res -  
sure i s  a s imp le  f u n c t i o n  of  Mach number and s lope  o f  t h e  a i r f o i l  s u r f a c e .  I n  
r e f e r e n c e  26, f i g u r e  8, Ash ley  compares an exper imen ta l  f l u t t e r  p o i n t  f o r  a 
wing w i t h  v a r i o u s  t h e o r i e s  - p i s t o n  t h e o r y  ( z e r o  t h i c k n e s s ) ,  p i s t o n  t h e o r y  
( w i t h  t h i c k n e s s ) ,  and e x a c t  l i n e a r i z e d  t h e o r y  ( G a r r i c k  and Rubinow, r e f .  2 9 ) .  
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A s h l e y  shows t h a t  t h e  p i s t o n  t h e o r y  ( w i t h  t h i c k n e s s )  agrees  most c l o s e l y  w i t h  
t h e  e x p e r i m e n t a l  f l u t t e r  p o i n t  for a Mach number s l i g h t l y  l e s s  t h a n  2 .  
because of i t s  s i m p l i c i t y  and accu racy  w i t h  r e s p e c t  t o  f l u t t e r  c a l c u  
L i g h t h i l l ' s  n o n l i n e a r  p i s t o n  t h e o r y  was used t o  p r e d i c t  t h e  uns teady  
d i s t r i b u t i o n  i n  t h e  n o n i n t e r f e r e n c e  s u r f a c e  r e g i o n s  o f  t h e  a i r f o i l s .  

Thus 

A b r i e f  r e v i e w  of L i g h t h i l l ' s  t h e o r y  w i l l  be d e s c r i b e d  he re  f o r  
r e a d e r ' s  conven ience.  The normal v e l o c i t y  a t  any p o i n t  on  t h e  a i r f o  
i s  g i v e n  by  

w = uo + w' 

a t i o n s ,  
p r e s s u r e  

t h e  
1 s u r f a c e  

( 1 )  

where 0 i s  t h e  l o c a l  s teady  i n c l i n a t i o n  o f  t h e  a i r f o i l  s u r f a c e  t o  t h e  f r e e  
stream, w '  i s  t h e  uns teady  component, and 0 i s  p o s i t i v e  f o r  compression 
waves and n e g a t i v e  for expans ion  waves. 
w i t h  upper ( + )  and lower  (-1 sur faces  g i v e n  by f ( x ) ( k )  and uns teady  d i s -  
p lacement h = Y ( x , t > ,  t h e  s l o p e  and uns teady  downwash f o r  t h e  upper  ( s u c t i o n )  
and lower  ( p r e s s u r e )  s u r f a c e s  a r e  

Thus f o r  an a i r f o i l  i n  s teady  s t a t e ,  

The s t e a d y - s t a t e  a n g l e  o f  a t t a c k  iji i s  n o t  u t i l i z e d  i n  t h e  p r e s e n t  work. 

A s  p resen ted  i n  r e f e r e n c e  24, t h e  p ressu re  on t h e  a i r f o i l  s u r f a c e  i s  g i v e n  
by 

By expanding e q u a t i o n  ( 4 )  i n  a b i n o m i a l  s e r i e s ,  s u b s t i t u t i n g  W i n  t h e  expan- 
s i o n  w i t h  e q u a t i o n  ( l ) ,  r e t a i n i n g  t e r m s  l i n e a r  i n  w ' ,  and making use o f  t h e  
f o l l o w i n g  r e l a t i o n s ,  

pa = p,RT, a, = d y R T ,  and U, = Ma, 

t h e  uns teady  p r e s s u r e  on  t h e  a i r f o i l  s u r f a c e  becomes ( r e f .  27) 

The well-known e x p r e s s i o n  f o r  downwash w' i s  g i v e n  as 

( 6 )  

S u b s t i t u t i n g  w '  i n  e q u a t i o n  ( 5 )  w i t h  e q u a t i o n  ( 6 > ,  y i e l d s  t h e  f o l l o w i n g  equa- 
t ion  f o r  t h e  uns teady  p r e s s u r e  
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Equa t ion  (7) was used t o  c a l c u l a t e  t h e  uns teady  p r e s s u r e s  on t h e  n o n i n t e r f e r -  
ence s u r f a c e  r e g i o n s  of t h e  a i r f o i l s  i n  cascade. 

APPROACH 

F i g u r e  1 i s  a schemat ic  o f  a cascade o f  a i r f o i l s  i n  superson ic  a x i a l  f low 
w i t h  SLEL. A s  shown, p o r t i o n s  o f  each a i r f o i l  s u r f a c e  a r e  n o n i n t e r f e r e n c e  sur -  
faces: t h e y  behave as i f  each a i r f o i l  was i s o l a t e d  from i t s  ne ighbors .  I n  
p a r t i c u l a r ,  t h e  uns teady  p r e s s u r e  d i s t r i b u t i o n  on s u r f a c e  r e g i o n s  1 and 2 o f  
a i r f o i l  B a r e  n o t  i n f l u e n c e d  by  t h e  presence o f  a i r f o i l s  A and C. T h e r e f o r e ,  
t h e  uns teady  p r e s s u r e s  on  s u r f a c e  r e g i o n s  1 and 2 a r e  n o t  i n f l u e n c e d  by  i n t e r -  
b l a d e  phase a n g l e .  The uns teady  p ressu res  on r e g i o n s  1 and 2 can t h e r e f o r e  be 
c a l c u l a t e d  by u s i n g  a n o n l i n e a r  i s o l a t e d  a i r f o i l  t h e o r y  wh ich  i n c l u d e s  t h i c k -  
ness and camber e f f e c t s .  The uns teady  p r e s s u r e  on  t h e  remainder  o f  t h e  a i r f o i l  
( s u r f a c e  r e g i o n s  3 and 4) can be c a l c u l a t e d  by  u s i n g  a l i n e a r  f l a t - p l a t e  
t h e o r y .  The uns teady  p r e s s u r e  d i s t r i b u t i o n  was genera ted  by  these two separa te  
t h e o r i e s .  I n  a d d i t i o n ,  t h e  o b l i q u e  shocks were assumed t o  be Mach l i n e s  and t o  
r e f l e c t  o f f  o f  t h e  a i r f o i l s  a t  t h e  same l o c a t i o n s  and i n  t h e  same manner t h a t  
i s  p r e d i c t e d  by  Lane 's  t h e o r y  ( r e f .  8)  u s i n g  f l a t  p l a t e s .  

LIMITATIONS OF APPROACH 

Because o f  t h e  assumpt ions  L i g h t h i l l  made i n  d e r i v i n g  h i s  n o n l i n e a r  t h e o r y  
( r e f s .  24 and 2 5 > ,  two l i m i t a t i o n s  must be adhered t o  when i t  i s  used. The 
f i r s t  l i m i t a t i o n  i s  t h a t  t h e  a i r f o i l  t o t a l  normal v e l o c i t y  must be l e s s  than  
t h e  f r e e - s t r e a m  speed o f  sound. T h i s  l i m i t i n g  c o n d i t i o n  i s  g i v e n  as 

i n  r e f e r e n c e  24 ( L i g h t h i l l  c o n s i d e r s  t h e  t h e o r y  t o  s t i l l  have v a l u e  
approx ima t ion  even when t h e  l e f t  s i d e  i s  g r e a t e r  t h a n  1 ) .  S ince  E 
assumed t o  be e x t r e m e l y  sma l l  f o r  f l u t t e r  a n a l y s i s ,  t h e  l i m i t a t i o n  
t o  < 1 ,  wh ich  agrees  w i t h  r e f e r e n c e  25 .  

as a rough  

s reduced 
i s  

There i s  a l s o  a l i m i t a t i o n  on t h e  Mach number range i n  wh ich  L g h t h i l l ' s  
n o n l i n e a r  p i s t o n  t h e o r y  i s  a p p l i c a b l e .  M i l e s  ( r e f .  25) s t a t e s  t h a t  L i g h t h i l l ' s  
p i s t o n  t h e o r y  can be used f o r  f l u t t e r  a n a l y s i s  a t  Mach numbers as low as 2.  
Morgan e t  a l .  ( r e f .  30) show t h a t  b iconvex  a i r f o i l  f l u t t e r  va lues  c a l c u l a t e d  by  
t h e  t h e o r i e s  o f  Van Dyke ( r e f .  23 ) ,  Landahl ( r e f .  28>,  and L i g h t h i l l  ( r e f .  24) 
show good agreement f o r  M 2 2  t o  3 .  Ash ley  ( r e f .  26 )  shows t h a t  L i g h t h i l l ' s  
n o n l i n e a r  p i s t o n  t h e o r y  c o r r e l a t e s  w e l l  w i t h  an exper imen ta l  f l u t t e r  p o i n t  a t  a 
Mach number s l i g h t l y  l e s s  than  2 .  Z a r t a r i a n  ( r e f .  27) recommends L i g h t h i l l ' s  
p i s t o n  t h e o r y  for  t r e n d  s t u d i e s  and p r e l i m i n a r y  d e s i g n  purposes even i n  param- 
e t e r  ranges where i t  l a c k s  enough q u a n t i t a t i v e  accuracy  fo r  p r e c i s e  c a l c u l a -  
t i o n s .  Sc ru ton  ( r e f .  31) shows t h a t  t h e  aerodynamic s t i f f n e s s  and damping 
d e r i v a t i v e s  p r e d i c t e d  by L i g h t h i l l ' s  n o n l i n e a r  p i s t o n  t h e o r y  a r e  i n  r e a s o n a b l y  
good agreement w i t h  Van Dyke ' s  t h e o r y  ( r e f .  23) a t  Mach 2.43. The damping 
d e r i v a t i v e  p r e d i c t e d  by L i g h t h i l l ' s  t h e o r y  a l s o  showed good agreement w i t h  Van 
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Dyke 's  t h e o r y  a t  Mach 1.79 f o r  a s i n g l e  wedge a i r f o i  
( r e f .  31).  I n  l i g h t  o f  t h i s  r e s e a r c h ,  a lower bound 
p r e s e n t  work. 

p i t c h i n g  abou t  midchord  
o f  Mach 2 was s e t  f o r  t h i s  

There a r e  a l s o  c e r t a i n  l i m i t a t i o n s  on t h e  a n a l y s i s  because t h e  n o n l i n e a r  
t h i c k n e s s  and camber e f f e c t s  a r e  i n t r o d u c e d  i n t o  t h e  a n a l y s i s  i n  t h e  n o n i n t e r -  
f e r e n c e  s u r f a c e  r e g i o n s  o n l y .  For a g i v e n  cascade geometry and low Mach num- 
b e r ,  t h e  n o n i n t e r f e r e n c e  s u r f a c e  r e g i o n  o f  t h e  a i r f o i l  i s  a smal l  p o r t i o n  o f  
t h e  o v e r a l l  cho rd  l e n g t h .  A t  some g r e a t e r  Mach number, depending on  t h e  cas- 
cade geometry,  t h e  e n t i r e  a i r f o i l  i s  i s o l a t e d  ( t h e  n o n i n t e r f e r e n c e  s u r f a c e  
r e g i o n  i s  t h e  l e n g t h  o f  t h e  e n t i r e  c h o r d ) .  For low Mach numbers, t h e  n o n l i n e a r  
p o r t i o n  o f  t h e  a n a l y s i s  shou ld  have l i t t l e  i n f l u e n c e  on  t h e  o v e r a l l  s t a b i l i t y  
c a l c u l a t i o n s .  A s  t h e  Mach number i n c r e a s e s ,  t h e  n o n l i n e a r  p o r t i o n  o f  t h e  a n a l -  
y s i s  has more i n f l u e n c e .  

CODE V E R I F I C A T I O N  

A s  s t a t e d  p r e v i o u s l y ,  t h e  uns teady  aerodynamic code ( r e f .  9 )  was m o d i f i e d  
t o  i n c l u d e  e q u a t i o n  ( 7 )  f o r  use on  t h e  n o n i n t e r f e r e n c e  s u r f a c e  r e g i o n s  o f  t h e  
cascade o f  a i r f o i l s .  T h i s  m o d i f i e d  uns teady  aerodynamic code i s  denoted as 
code 2 .  The uns teady  aerodynamic code t h a t  c o n s i s t s  e x c l u s i v e l y  o f  Lane 's  
t h e o r y  ( r e f .  9 )  i s  denoted  as code 1 .  Codes 1 and 2 a r e  i d e n t i c a l  e x c e p t  f o r  
c a l c u l a t i o n  o f  t h e  p ressu res  i n  t h e  n o n i n t e r f e r e n c e  s u r f a c e  r e g i o n s  o f  t h e  
a i  r f o i  1 s .  

Code 2 was v e r i f i e d  i n  s e v e r a l  ways. F i r s t ,  to  v e r i f y  t h e  n o n l i n e a r  por- 
t i o n  o f  t h e  code, t h e  imag ina ry  p a r t  o f  t h e  moment c o e f f i c i e n t  due t o  p i t c h i n g  
m o t i o n  f o r  a b i convex  a i r f o i l  ( w i t h  k = 1 )  p r e d i c t e d  by code 2 ,  was compared 
w i t h  L i g h t h i l l ' s  ( r e f .  24) aerodynamic damping d e r i v a t i v e s  a t  Mach 2 w i t h  
7: = 0.05 and 1 ,  and a t  Mach 3 w i t h  T = 0.03 and 1 .  I n  a l l  cases t h e  d i f -  
f e r e n c e  was l e s s  t h a n  1.59 p e r c e n t .  

Second, t o  v e r i f y  t h a t  t h e  p i s t o n  t h e o r y  s u b r o u t i n e  was i n t e r a c t i n g  prop-  
e r l y  i n  t h e  e x i s t i n g  code ( r e f .  9 > ,  t h e  moment c o e f f i c i e n t  and t h e  uns teady  
p r e s s u r e  d i s t r i b u t i o n s  due t o  p i t c h i n g  mo t ion  f o r  a cascade o f  f l a t  p l a t e s  
p r e d i c t e d  b y  code 2 were compared w i t h  those p r e d i c t e d  by  code 1 by  s e t t i n g  
0 = 0 in code 2. The cascade parameters used are s h o w n  in table I. S e t t i n g  
0 = 0 i n  code 2 reduces  L i g h t h i l l ' s  n o n l i n e a r  p i s t o n  t h e o r y  t o  l i n e a r  p i s t o n  
t h e o r y .  L i n e a r  p i s t o n  t h e o r y  i s  n o t  expec ted  t o  agree c l o s e l y  w i t h  l i n e a r  
p o t e n t i a l  t h e o r y  i n  t h e  Mach number range ( 2  < M < 3)  used i n  t h i s  compari-  
son. However genera l  t r e n d s  shou ld  s t i l l  be F i m i T a r .  A s  shown i n  f i g u r e s  2 
to  6 ,  t h e  genera l  t r e n d s  i n  t h e  moment c o e f f i c i e n t  and uns teady  p r e s s u r e s  a r e  
s i m i l a r ,  v a l i d a t i n g  t h a t  t h e  p i s t o n  t h e o r y  s u b r o u t i n e  i s  i n t e r a c t i n g  p r o p e r l y  
w i t h i n  t h e  code. 

STRUCTURAL MODEL 

The c l a s s i c a l  t y p i c a l  s e c t i o n ,  as shown i n  f i g u r e  7, was used to  model t h e  
s t r u c t u r e .  Each a i r f o i l  i s  assumed t o  be a two-dimensional  o s c i l l a t o r  sup- 
p o r t e d  b y  bend ing  and t o r s i o n a l  s p r i n g s .  The a i r f o i l  i s  assumed t o  be r i g i d  
i n  t h e  cho rdw ise  d i r e c t i o n .  C o u p l i n g  between bend ing  and t o r s i o n a l  m o t i o n  i s  
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modeled th rough  t h e  o f f s e t  d i s t a n c e  between t h e  c e n t e r  o f  g r a v i t y  and t h e  
I' e 1 as t i c ax i s . I' 

EQUATIONS OF MOTION 
\ 

The e q u a t i o n s  o f  m o t i o n  used (wh ich  a r e  p r e s e n t e d  i n  r e f .  32) a r e  

h S e  
X 

a e  
S 

The parameters  Ls and Ms a r e  t h e  aerodynamic l i f t  and moment, r e s p e c t i v e l y ,  
expressed i n  te rms o f  nondirnensional  c o e f f i c i e n t s  as 

N- 1 i ( d + P r s )  
( 9 )  haraar  le 

r = O  

i (wt+Prs) N- 1 

S = 4 2  5 [ Iahr b + 1  aar a l e  a r  (10) 

where t h e  C o e f f i c i e n t s  l h h r ,  l h a r ,  lahr ,  and I,, a r e  c a l c u l a t e d  by  
L i g h t h i l l ' s  n o n l i n e a r  p i s t o n  t h e o r y  and Lane 's  l i n e a r  p o t e n t i a l  t h e o r y  f o r  
g i v e n  va lues  o f  M, k ,  c / g ,  5 ,  (jr, and ae .  For t h e  sake o f  completeness, 
e q u a t i o n s  ( 9 )  and (10) a l l o w  fo r  s t r u c t u r a l l y  m is tuned  b lades  i n  cascade even 
though a m is tuned  cascade was n o t  s t u d i e d  i n  t h i s  work. The a e r o e l a s t i c  s t a -  
b i l i t y  o f  t h e  system i s  de termined by s o l v i n g  a complex e i g e n v a l u e  prob lem,  
r e s u l t i n g  from an e q u a t i o n  (8 )  w r i t t e n  f o r  each b l a d e .  For t h i s  research ,  t h e  
h y b r i d  uns teady  aerodynamic code c o n s i s t i n g  o f  L i g h t h i l l ' s  n o n l i n e a r  p i s t o n  
t h e o r y  and Lane 's  l i n e a r  p o t e n t i a l  t h e o r y  was i n c o r p o r a t e d  i n t o  an e x i s t i n g  
Lewis code, MISER2 ( c o n t a c t  COSMIC, The U n i v e r s i t y  o f  Georg ia ,  A thens ,  GA 
30602 concern ing  t h e  a v a i l a b i l i t y  o f  MISER2) ( r e f .  32) ,  which s o l v e s  t h i s  
complex e igenva lue  problem. 

BLADE PARAMETERS 

Table I l i s t s  t h e  v a r i o u s  cascade parameters  wh ich  were used for t h e  aero- 
e l a s t i c  a n a l y s i s .  
o r i g i n a l  SSTF d e s i g n .  

These va lues  a r e  fo r  t h e  73.3 p e r c e n t  span l o c a t i o n  o f  t h e  
I n  o r d e r  t o  s t u d y  t h e  e f f e c t s  o f  t h i c k n e s s  and camber 
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on t h e  a e r o e l a s t i c  s t a b i l i t y  of an SSTF, an a i r f o i l  camber and t h i c k n e s s  d i s -  
t r i b u t i o n  must be chosen. 
a n a l y s i s  were a f l a t  p l a t e ,  v a r i a t i o n s  of a NACA 66-206 a i r f o i l  ( r e f .  33), and 
v a r i a t i o n s  o f  t h e  o r i g i n a l  SSTF a i r f o i l .  These a i r f o i l  p r o f i l e s  a r e  shown i n  
f i g u r e s  8 t o  10. The camber l i n e s  o f  t h e  o r i g i n a l  SSTF and NACA a i r f o i l s  a r e  
compayed i n  f i g u r e  11. The sur face  s lopes  of t h e  NACA 66-206 and t h e  o r i g i n a l  
SSTF a i r f o i l  s e c t i o n  were w i t h i n  t h e  necessary  c r i t e r i a  (MI01 < 1 )  p r e v i o u s l y  
ment ioned.  U n l i k e  t h e  p r o f i l e  g i v e n  i n  r e f e r e n c e  35,  t h e  NACA p r o f i l e  was mod- 
i f i e d  t o  have a sha rp  l e a d i n g  edge. The cascade parameters were h e l d  c o n s t a n t  
f o r  a l l  o f  t h e  a i r f o i l  p r o f i l e s .  

The geomet r i es  used i n  t h e  a e r o e l a s t i c  s t a b i l i t y  

A s  a l r e a d y  s t a t e d ,  t h e  s lopes  of t h e  s u c t i o n  and p r e s s u r e  a i r f o i l  s u r f a c e s  
a r e  needed to  compute t h e  uns teady  p r e s s u r e  on t h e  n o n i n t e r f e r e n c e  s u r f a c e  
r e g i o n s .  A f i v e - d e g r e e  power s e r i e s  was f i t  t o  t h e  c o o r d i n a t e s  o f  t h e  s u c t i o n  
and p r e s s u r e  s u r f a c e s  o f  t h e  NACA 66-206 as w e l l  as t o  t h e  o r i g i n a l  SSTF a i r -  
f o i l .  f ( x ) ( * )  were d i f f e r e n t i a t e d  t o  g i v e  t h e  s lopes  
( f x ( x ) ( ' )  = 0 )  o f  t h e  s u c t i o n  and p r e s s u r e  s u r f a c e s  as a f u n c t i o n  o f  cho rd  
l o c a t i o n .  
f i l e  w i t h  and w i t h o u t  camber a r e  shown i n  t a b l e  11. The e q u a t i o n s  f o r  t h e  
s lopes  were i n p u t  t o  t h e  a e r o e l a s t i c  code f o r  use by the  p i s t o n  t h e o r y  
s u b r o u t i n e .  

The r e s u l t i n g  equa t ions  

The power s e r i e s  c o e f f i c i e n t s  f o r  t h e  s lopes  o f  t h e  NACA 66-206 p r o -  

RESULTS 

The cascade c o n s i s t i n g  o f  t h e  o r i g i n a l  58 superson ic  t h r o u g h f l o w  a i r f o i l s  
w i l l  be d e s i g n a t e d  from here  on as SSTF.  The o r i g i n a l  SSTF a i r f o i l  p r o f i l e  i s  
shown i n  f i g u r e  10. The cascade c o n s i s t i n g  o f  t h e  10 NACA 66-206 a i r f o i l s  w i l l  
be d e s i g n a t e d  from here  on as t h e  NACA cascade. I t s  a i r f o i l  p r o f i l e  i s  shown 
i n  f i g u r e  8 .  O n l y  10 b lades  were chosen for t h e  NACA cascade t o  reduce compu- 
t a t i o n a l  e f f o r t .  

A s  s t a t e d  p r e v i o u s l y ,  t h e  n o n l i n e a r  p o r t i o n  o f  t h e  code has more i n f l u e n c e  
on  t h e  a n a l y s i s  as t h e  Mach number i nc reases .  T h i s  i s  due t o  t h e  f a c t  t h a t  t h e  
n o n i n t e r f e r e n c e  s u r f a c e  r e g i o n s  o f  t h e  a i r f o i l s ,  as shown i n  f i g u r e  1 ,  i n c r e a s e  
w i t h  i n c r e a s i n g  Mach number. A t  Mach 2,  t h e  n o n i n t e r f e r e n c e  s u r f a c e  r e g i o n  i s  
a p p r o x i m a t e l y  60 and 30 p e r c e n t  o f  t h e  s u c t i o n  and p ressu re  s u r f a c e s ,  respec-  
t i v e l y .  A t  Mach 3 ,  t h e  n o n i n t e r f e r e n c e  s u r f a c e  r e g i o n  i s  a p p r o x i m a t e l y  90 and 
60 p e r c e n t  o f  t h e  s u c t i o n  and p ressu re  su r faces ,  r e s p e c t i v e l y .  T h e r e f o r e  i t  
can be conc luded t h a t  for t h i s  s tudy ,  t h e  n o n l i n e a r  p o r t i o n  of t h e  code has a 
s i g n i f i c a n t  i n f l u e n c e  on t h e  a e r o e l a s t i c  a n a l y s i s .  Indeed a t  Mach 3, a lmos t  
t h e  e n t i r e  uns teady  p ressu re  on t h e  s u c t i o n  s u r f a c e  i s  c a l c u l a t e d  by n o n l i n e a r  
p i s t o n  t h e o r y .  

F i g u r e s  3 t o  6 show t h e  unsteady p ressu re  d i s t r i b u t i o n s  f o r  t o r s i o n a l  
mo t ion  about  midchord  o f  t h e  SSTF a t  Mach 2 and 2.95 f o r  a reduced f r e q u e n c y  k 
of 0.1 and an i n t e r b l a d e  phase ang le  o f  180".  O n l y  t h e  p o r t i o n  o f  t h e  p r e s s u r e  
p l o t s  a s s o c i a t e d  w i t h  t h e  n o n i n t e r f e r e n c e  s u r f a c e  r e g i o n s  o f  t h e  a i r f o i l s  a r e  
shown s i n c e  t h e  r e m a i n i n g  p ressu re  d i s t r i b u t i o n  i s  t h a t  p r e d i c t e d  by  Lane 's  
p o t e n t i a l  t h e o r y .  Up t o  the  f i r s t  shock r e f l e c t i o n  b o t h  upper and lower  
unsteady s u r f a c e  p ressu res  a r e  c a l c u l a t e d  u s i n g  L i g h t h i l l ' s  n o n l i n e a r  p i s t o n  
t h e o r y .  
on t h e  s u c t i o n  and p ressu re  su r faces  a r e  c a l c u l a t e d  by n o n l i n e a r  p i s t o n  t h e o r y  

Between t h e  f i r s t  and second shock r e f l e c t i o n ,  t h e  uns teady  p r e s s u r e  
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and p o t e n t i a l  t h e o r y ,  r e s p e c t i v e l y .  These p l o t s  a r e  d i scussed  i n  t h e  f o l l o w i n g  
s e c t i o n s .  

The f l u t t e r  boundar ies  for t o r s i o n a l  i n s t a b i l i t y  o f  t h e  NACA cascade a r e  
shown i n  f i g u r e  12. The f l u t t e r  boundar ies f o r  t o r s i o n a l  i n s t a b i l i t y  o f  t h e  
o r i g i h a l  SSTF a r e  shown i n  f i g u r e  13. Plots o f  c r i t i c a l  i n t e r b l a d e  phase a n g l e  
ve rsus  r e l a t i v e  Mach number for t h e  NACA cascade and SSTF a r e  p resen ted  i n  f i g -  
u r e s  14 and 15. These p l o t s  a r e  d i scussed  i n  t h e  f o l l o w i n g  s e c t i o n s .  

Thickness E f f e c t s  

F i g u r e  9 shows t h a t  t h e  t h i c k n e s s  d i s t r i b u t i o n  f o r  t h e  NACA a i r f o i l  i s  
l a r g e r  t h a n  t h a t  for t h e  o r i g i n a l  SSTF a i r f o i l .  Upon i n t e g r a t i o n  o f  t h e  
uns teady  p r e s s u r e  d i s t r i b u t i o n  i n  f i g u r e s  3 t o  6, for  t h e  SSTF, i t  was found  
t h a t  t h i c k n e s s  decreased t h e  aerodynamic s t i f f n e s s  and inc reased  t h e  aero-  
dynamic damping ( a l t h o u g h  s t i l l  n e g a t i v e )  as compared w i t h  t h a t  p r e d i c t e d  by 
Lane 's  p o t e n t i a l  t h e o r y  f o r  a f l a t - p l a t e  p r o f i l e .  T h i s  t r e n d  h e l d  t r u e  a t  
Mach 2 and 2.95 f o r  a reduced f requency  o f  0 .1 .  

A s  shown i n  f i g u r e  12, t h e  i n c l u s i o n  o f  t h i c k n e s s  ( symmet r i ca l  p r o f i l e )  i n  
t h e  a e r o e l a s t i c  s t a b i l i t y  a n a l y s i s  i nc reased  t h e  s t a b i l i t y  fo r  t h e  NACA cascade 
compared w i t h  t h e  a n a l y s i s  u s i n g  Lane 's  p o t e n t i a l  t h e o r y  f o r  f l a t  p l a t e s .  The 
t h i c k n e s s  d i s t r i b u t i o n  had more i n f l u e n c e  on t h e  a e r o e l a s t i c  s t a b i l i t y  t h a n  d i d  
t h e  camber, when compared w i t h  t h e  f l a t - p l a t e  a n a l y s i s .  Compared w i t h  an a n a l -  
y s i s  u s i n g  Lane 's  t h e o r y  f o r  f l a t  p l a t e s ,  t h e  i n c l u s i o n  o f  t h i c k n e s s  (symmet r i -  
c a l  p r o f i l e )  decreased t h e  s t a b i l i t y  o f  t h e  SSTF for 2 5 M and l e s s  t h a n  
a p p r o x i m a t e l y  2.3, and i n c r e a s e d  t h e  s t a b i l i t y  above an approx imate  Mach number 
o f  2.3.  

Camber E f f e c t s  

A s  shown i n  f i g u r e  11, t h e  camber o f  t h e  o r i g i n a l  SSTF a i r f o i l  i s  much 
g r e a t e r  t han  t h a t  of t h e  NACA a i r f o i l .  Upon i n t e g r a t i o n  o f  t h e  uns teady  p res -  
sure d i s t r i b u t i o n  i n  f i g u r e s  3 to  6, f o r  t h e  SSTF cascade, i t  was found  t h a t  
adding camber t o  t h e  t h i c k n e s s  ( s y m m e t r i c a l )  d i s t r i b u t i o n  o f  t h e  SSTF f u r t h e r  
decreased t h e  aerodynamic s t i f f n e s s  and f u r t h e r  i n c r e a s e d  t h e  aerodynamic damp- 
i n g  (a l t hough  s t i l l  n e g a t i v e )  compared w i t h  t h e  symmetr ica l  p r o f i l e .  These 
t r e n d s  h e l d  t r u e  a t  Mach 2 and 2.95 for a reduced f requency  o f  0.1. 

From f i g u r e  12 i t  i s  shown t h a t  t h e  i n c l u s i o n  or e x c l u s i o n  o f  camber i n  
t h e  a e r o e l a s t i c  s t a b i l i t y  a n a l y s i s  o f  t h e  NACA cascade, when t h i c k n e s s  i s  
i nc luded ,  has l i t t l e  e f f e c t  on s t a b i l i t y .  T h i s  i s  n o t  s u r p r i s i n g  s i n c e  t h e  
camber of  t h e  NACA p r o f i l e  i s  s m a l l .  However, as shown i n  f i g u r e  13, t h e  
i n c l u s i o n  or e x c l u s i o n  o f  camber i n  t h e  a e r o e l a s t i c  s t a b i l i t y  a n a l y s i s  f o r  t h e  
SSTF, when t h i c k n e s s  i s  i n c l u d e d ,  has a l a r g e r  e f f e c t  on s t a b i l i t y  as compared 
w i t h  t h e  NACA cascade. T h i s  i s  a l s o  n o t  s u r p r i s i n g  s i n c e  t h e  SSTF a i r f o i l  has 
more camber than  t h e  NACA a i r f o i l .  I n c l u d i n g  camber w i t h  t h i c k n e s s  i nc reased  
t h e  p r e d i c t e d  s t a b i l i t y  f o r  t h e  SSTF f o r  Mach numbers s l i g h t l y  above 2.0 w i t h  
respec t  to t h e  a n a l y s i s  u s i n g  Lane's  t h e o r y  f o r  f l a t  p l a t e s .  The i n c l u s i o n  o f  
camber w i t h  t h i c k n e s s  a l s o  i nc reased  t h e  s t a b i l i t y  o f  t h e  SSTF when compared 
w i t h  the a n a l y s i s  w i t h  t h i c k n e s s  o n l y .  
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I n t e r b l a d e  Phase Ang le  

As shown i n  f i g u r e  14, t h e  a e r o e l a s t i c  a n a l y s i s  o f  t h e  NACA cascade, 
i n c l u d i n g  t h i c k n e s s  w i t h  and w i t h o u t  camber, p r e d i c t e d  a c r i t i c a l  i n t e r b l a d e  
phase a n g l e  o f  216" from Mach 2 t o  2.2.  From Mach 2.3 t o  3.0 t h e  p r e d i c t e d  
c r i t i t a l  i n t e r b l a d e  phase a n g l e  was 180". The f l a t - p l a t e  a n a l y s i s  u s i n g  Lane 's  
t h e o r y  p r e d i c t e d  t h e  same r e s u l t s  excep t  a t  Mach 2.3.  Here t h e  a e r o e l a s t i c  
a n a l y s i s  u s i n g  t h e  f l a t  p l a t e  p r e d i c t e d  a c r i t i c a l  i n t e r b l a d e  phase a n g l e  o f  
216" as opposed t o  t h e  a e r o e l a s t i c  a n a l y s i s  i n c l u d i n g  t h i c k n e s s  w i t h  or  w i t h o u t  
camber, wh ich  p r e d i c t e d  a c r i t i c a l  i n t e r b l a d e  phase a n g l e  o f  180". 

A s  shown i n  f i g u r e  15 ,  t h e  a e r o e l a s t i c  a n a l y s i s  i n c l u d i n g  t h i c k n e s s  w i t h  
or w i t h o u t  camber p r e d i c t e d  t h a t  t h e  c r i t i c a l  i n t e r b l a d e  phase a n g l e  o f  t h e  
SSTF would decrease from 204.8" a t  Mach 2 ,  t o  180" a t  Mach 2.95. T h i s  i s  s i m i -  
l a r  t o  t h e  t r e n d  p resen ted  i n  r e f e r e n c e  10. The a e r o e l a s t i c  a n a l y s i s  u s i n g  
f l a t  p l a t e s  p r e d i c t e d  t h e  same t r e n d ,  excep t  a t  Mach 2.7.  Here t h e  a e r o e l a s t i c  
a n a l y s i s  w i t h  t h i c k n e s s  and camber r e s u l t e d  i n  a c r i t i c a l  i n t e r b l a d e  phase 
a n g l e  o f  186.2" as opposed t o  180" from t h e  a n a l y s i s  u s i n g  f l a t  p l a t e s  and 
t h i c k n e s s  o n l y  ( s y m m e t r i c a l ) .  

CONCLUSIONS 

A s  a means o f  d e t e r m i n i n g  t h e  i n f l u e n c e  o f  t h i c k n e s s  and camber o n  t h e  
a e r o e l a s t i c  s t a b i l i t y  o f  superson ic  t h r o u g h f l o w  f a n s ,  L i g h t h i l l ' s  n o n l i n e a r  
p i s t o n  t h e o r y ,  wh ich  i n c l u d e s  t h i c k n e s s  and camber e f f e c t s ,  and L a n e ' s  l i n e a r  
p o t e n t i a l  t h e o r y  have been deve loped i n t o  a h y b r i d  uns teady  aerodynamic code. 
T h i s  h y b r i d  code, coup led  w i t h  an e x i s t i n g  a e r o e l a s t i c  code has been a p p l i e d  
t o  a cascade of NACA 66-206 a i r f o i l s  (NACA cascade) and a cascade c o n s i s t i n g  
o f  t h e  o r i g i n a l  superson ic  t h r o u g h f l o w  f a n  a i r f o i l s  (SSTF) i n  superson ic  a x i a l  
f low w i t h  superson ic  lead ing-edge l o c u s .  Through t h i s  e n g i n e e r i n g  approach, 
t h e  e f f e c t s  o f  t h i c k n e s s  and camber on t h e  a e r o e l a s t i c  s t a b i l i t y  o f  s u p e r s o n i c  
t h r o u g h f l o w  f a n s  have been i n v e s t i g a t e d .  

The ma jo r  c o n c l u s i o n s  from t h i s  i n v e s t i g a t i o n  fo l low: 

1 .  Depending on a i r f o i l  geometry and o p e r a t i n g  c o n d i t i o n s ,  t h e  i n c l u s i o n  
o f  t h i c k n e s s  w i t h  or  w i t h o u t  camber may e i t h e r  i n c r e a s e  or decrease t h e  p r e -  
d i c t e d  a e r o e l a s t i c  s t a b i l i t y  when compared w i t h  an a n a l y s i s  u s i n g  Lane 's  po ten-  
t i a l  t h e o r y  f o r  f l a t  p l a t e s .  

2 .  When t h i c k n e s s  e f f e c t s  a r e  i n c l u d e d  i n  t h e  a e r o e l a s t i c  a n a l y s i s ,  i n c l u -  
s i o n  o f  camber w i l l  i n f l u e n c e  t h e  p r e d i c t e d  s t a b i l i t y  i n  p r o p o r t i o n  t o  t h e  mag- 
n i t u d e  of t h e  added camber. 

3. The c r i t i c a l  i n t e r b l a d e  phase ang le ,  depending on t h e  a i r f o i l  p r o f i l e  
and o p e r a t i n g  c o n d i t i o n s ,  may be i n f l u e n c e d  by  t h i c k n e s s  and camber. 

4. Thickness decreased t h e  aerodynamic s t i f f n e s s  and i n c r e a s e d  t h e  aero- 
dynamic damping a t  Mach 2 and 2.95 f o r  t h e  SSTF o s c i l l a t i n g  180" o u t  o f  phase 
a t  a reduced f requency  o f  0.1, when compared w i t h  Lane 's  p o t e n t i a l  t h e o r y  f o r  
f l a t  p l a t e s .  
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5. The i n c l u s i o n  o f  camber when t h i c k n e s s  i s  p r e s e n t  served t o  f u r t h e r  
decrease t h e  aerodynamic s t i f f n e s s  and i n c r e a s e  t h e  aerodynamic damping a t  
Mach 2 and 2 . 9 5  f o r  t h e  SSTF a t  t h e  p r e v i o u s l y  ment ioned i n t e r b l a d e  phase a n g l e  
and reduced f requency.  

\ 
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APPENDIX - SYMBOLS 

c o e f f i c i e n t s  i n  power s e r i e s  d e s c r i b i n g  a i r f o i l  s u r f a c e  s l o p e  

e l a s t i c  a x i s  p o s i t i o n  

f r e e - s t r e a m  speed o f  sound 

h a l f - c h o r d  

cho rd  

f u n c t i o n  d e s c r i b i n g  s t e a d y - s t a t e  upper s u c t i o n  ( + I  and lower  
p r e s s u r e  ( ->  a i r f o i l  sur faces,  p o s i t i v e  away from a i r f o i l  on each 
s i d e  o f  i t  

c i r c u m f e r e n t i a l  gap between a d j a c e n t  b lades 

p l  ung i  ng amp1 i tude i n  rth aerodynami c mode 

p l u n g i n g  a m p l i t u d e  o f  t h e  s t h  b l a d e  

p o l a r  moment of  i n e r t i a  about  e l a s t i c  a x i s  o f  s t h  b l a d e  

i m a g i n a r y  u n i t  

reduced f requency ,  wb/Um 

bend ing  s t i f f n e s s  o f  s t h  b l a d e  

t o r s i o n a l  s t i f f n e s s  o f  s t h  b lade  

aerodynamic 1 i f t  o f  s t h  b lade  

nondimensional  l i f t  c o e f f i c i e n t s  i n  r t h  aerodynamic mode due t o  
p l u n g i n g  and p i t c h i n g  mo t ions ,  r e s p e c t i v e l y  

nondimensional  moment c o e f f i c i e n t s  i n  r t h  aerodynamic mode due t o  
p l u n g i n g  and p i t c h i n g  mo t ions ,  r e s p e c t i v e l y  

r e l a t i v e  Mach number 

aerodynamic moment o f  s t h  b l a d e  

mass pe r  u n i t  span o f  s t h  b lade  

number o f  b lades 

p r e s s u r e  on a i r f o i l  s u r f a c e  

uns teady  p ressu re  on a i r f o i l  s u r f a c e  

uns teady  p ressu re  on t h e  upper (+>  and lower (-1 a i r f o i l  s u r f a c e ,  
r e s p e c t i v e l y  

1 1  
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r . 

T, 

t 

U, 

W 

W '  

X 

Xas  

XO 

Y 
- 
a 

OLar 

as 

Pr 

Y 

E 

I w 

f r e e - s t r e a m  s t a t i c  p r e s s u r e  

s p e c i f i c  gas c o n s t a n t  

i n t e g e r  s p e c i f y i n g  aerodynamic mode 

nondimensional  r a d i u s  o f  g y r a t i o n  o f  s t h  b l a d e  

mass moment about  e l a s t i c  a x i s  (mbxas> o f  s t h  b lade  

f r e e - s t r e a m  s t a t i c  t empera tu re  

t i m e  

f r e e - s t r e a m  a i r  v e l o c i t y  r e l a t i v e  t o  b l a d e  

t o t a l  normal v e l o c i  t y  

uns teady  normal v e l o c i t y  (downwash) 

s t reamwise  c o o r d i n a t e  

nondimensional  s t a t i c  unbalance o f  s t h  b l a d e  

s t reamwise  c o o r d i n a t e  of p i t c h i n g  a x i s  r e f e r e n c e d  from t h e  a i r f o i l  
l e a d i n g  edge, xo = b + aeb 

t r a n s v e r s e  c o o r d i n a t e  

s t e a d y - s t a t e  a n g l e  o f  a t t a c k  

p i  t c h i  ng ampl i tude  i n  rth aerodynamic mode 

p i t c h i n g  ampl i tude o f  s t h  b l a d e  

i n t e r b l a d e  phase a n g l e  of rth aerodynamic mode 

r a t i o  o f  s p e c i f i c  hea ts  (assume = 1.4)  

maximum d isp lacemen t  i n  a i r f o i l  o s c i l l a t i o n  

s l o p e  o f  a i r f o i l  s u r f a c e  ( p o s i t i v e  for  compression waves, n e g a t i v e  
for  expans ion  waves) on upper s u c t i o n  s u r f a c e  ( + )  and lower  
p r e s s u r e  s u r f a c e  ( - )  

mass r a t i o ,  ms/np,b2 

s tagger  a n g l e  

f r e e - s t r e a m  a i r  d e n s i t y  

th i ckness - to -cho rd  r a t i o  f o r  b i convex  a i r f o i l  

c i r c u l a r  f requency  
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bending frequency of sth blade 

torsional frequency of sth blade 

critical damping ratio for bending mode o f  sth blade 

critical damping ratio for torsional mode of sth blade 

Whs 

Was 

chs 

L S  
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TABLE I. - CASCADE PARAMETERS 

C o e f f i c i e n t  

A1 

A3 
A4 
A5 

A2 

Parameter 

Number o f  blades, N 
Mass r a t i o ,  p 

Nondimensional r a d i u s  o f  
g y r a t i o n  o f  sth b lade,  ras 

Stagger angle, 6 
R a t i o  o f  c i r c u m f e r e n t i a l  gap 

R a t i o  o f  bending frequency t o  

E l a s t i c  a x i s  p o s i t i o n ,  a, 
Nondimensional s t a t i c  unbalance o f  

between ad jacent  blades t o  chord 

t o r s i o n a l  frequency, Ohs/Oas 

sth b lade,  xas 

Thickness and camber Symmetrical 
- 

e+ e e+(= e-) 

0.27124 0.15037 0.210805 

5.59980 4.66200 5.130900 
-7.82200 -7.11520 -7.468600 

3.72870 3.65935 3.694025 

-1.86248 -1.32054 -1.591510 

SSTF 

58 
456.2 
0.431 

28 
0.311 

0.5668 

0 
0 

NACA 

10 
456.2 
0.431 

28 
0.31 1 

0.5668 

0 
0 

TABLE 11. - SERIES REPRESENTATION OF NACA PROFILES 

i =1 
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METHOD USED TO 
BEHAVIOR OF SURFACE CALCULATED UNSTEADY 

REGIONS PRESSURES ON SURFACES 

NONINTERFERENCE LIGHTHILL 'S NONLINEAR 
( I SOLATED PISTON THEORY 

"1 INTERFERENCE 

0 
LANE'S LINEAR 
POTENTIAL THEORY 

ISOLATED AIRFOIL REGION 

A MACH L I N E S 7  

FIGURE 1. - CASCADE I N  SUPERSONIC AXIAL FLOW. 

2.0 2'51 
W U z 
W = 
W U. 

u- 
rn- 

POTENTIAL THEORY. 
FLAT PLATE 

FLAT PLATE 

THICKNESS + CAMBER 

SYMMETRICAL 

1 

E ----- LINEAR PISTON THEORY, 

- PISTON/POTENTIAL. 

--- PISTON/POTENTIAL, 

4, 

0 .2 .4 .6 
NONDIRENSIONAL CHORD. x/c 

THE SSTF AT MACH 2:  REDUCED FREQUENCY. k. 0.1: 
AND INTERBLADE PHASE ANGLE, 180'. 

FIGURE 3. - REAL PART OF PRESSURE DIFFERENCE FOR 

0 PISTON/POTENTIAL, M = 2 
0 PISTON/POTENTIAL. M = 3 - LANES POTENTIAL THEORY, M = 2 ----- LANES POTENTIAL THEORY, M = 3 z 

f: 
P 

. L  

.2 .6 1 .o 1.4 1.8 2.2 
REDUCED FREQUENCY, 2k 

FIGURE 2. - MOMENT COEFFICIENTS DUE TO PITCHlkG 
MOTION ABOUT MIDCHORD FOR THE SSTF (FLAT-PLATE 
CASCADE) WITH INTERBLADE PHASE ANGLE OF 180'. 

0 

-.l 

-.4 

- 

--- LANES POTENTIAL THEORY. 
FLAT PLATE - ---- LINEAR PISTON THEORY. 

- FLAT PLATE 
PISTON/POTENTIAL, 

P I  STON/POTENT I A L  , 
THICKNESS + CAMBER 

SYMMETRICAL 
- - - 

.2 . 4  .6 
NONDIRENSIONAL CHORD. x/c 

FIGURE 4. - IMAGINARY PART OF PRESSURE DIFFERENCE 
FOR THE SSTF AT MACH 2; REDUCED FREQUENCY. 
k, 0.1; AND INTERBLADE PHASE ANGLE, 180'. 
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--- LANES POTENTIAL THEORY. FLAT PLATE 

- PISTON/POTENTIAL, THICKNESS + CAMBER --- PISTON/POTENTIAL. SYMMETRICAL 

LINEAR PISTON THEORY. FLAT PLATE -- --- 

y----- 
1 . 4  r---------- 

0 .2 . 4  .6 .8 1 . 0  
NONDIMENSIONAL CHORD. x/c 

.4  

FIGURE 5 .  - REAL PART OF PRESSURE DIFFERENCE FOR 
THE SSTF AT MACH 2.95 :  REDUCED FREQUENCY, k, 0.1; 
AND INTERBLADE PHASE ANGLE, 180'. 

Y 

mim\ 

FIGURE 7. - TYPICAL SECTION. 

- NACA 66-206. SYMMETRICAL 
ORIGINAL SSTF. SYMMETRICAL ----- 

FIGURE 9 .  - COMPARISON OF NACA 66-206 AND THE ORIGINAL 
SSTF THICKNESS (SYMMETRIC PROFILE) DISTRIBUTIONS. 

. 1  

W 
U 
L 
W 
PI 
W LL 

- --- LANES POTENTIAL THEORY. FLAT PLATE 
LINEAR PISTON THEORY. FLAT PLATE 
PISTOR/POTENTIAL. THICKNESS + CAMBER 
PISTON/POTENTIAL. SYMMETRICAL 

---- - 
--- 

0 .2 . 4  .6 .8 1.0 
NONDlMENSlONAL CHORD, x/c 

FOR THE SSTF AT MACH 2.95 :  REDUCED FREQUENCY. 
k ,  0.1: AND INTERBLADE PHASE ANGLE. 180'. 

FIGURE 6. - IMAGINARY PART OF PRESSURE DIFFERENCE 

3 
FIGURE 8. - NACA 66-206 AIRFOIL PROFILE 

FIGURE 10. - SSTF AIRFOIL PROFILE. 
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- NACA 66-206 CAMBER L I N E  ----- ORIGINAL SSTF CAMBER L I N E  

FIGURE 11. - C W A R I S O N  OF NACA 66-206 AND SSTF CMBER 
LINES. 

-- 
PISTON/POTENTIAL. THICKNESS + CAMBER ----- PISTON/POTENTIAL. S Y W T R I C A L  . 

a --- POTENTIAL THEORY, FLAT PLATE 
ea 1.1 - 
= 

t 

W LL 

rHFORY ~ FI AT PLATE // 
4 

2.0 2.2 2.4 2.6 2.8 3.0 
RELATIVE MACH NUMBER 

.9 

FIGURE 13. - TORSIONAL MODE FLUTTER BOUNDARY FOR THE 
SSTF . 

----- PISTON/POTENTIAL. S Y W T R I C A L  a 
\J --- POTENTIAL THEORY, FLAT PLATE 

81 .1  - 
3 

2.0 2.2 2.4 2.6 2.8 3.0 
RELATIVE RACH NUMBER 

.a 

FIGURE 12. - TORSIONAL MODE FLUTTER BOUNDARY FOR THE 
NACA CASCADE. 

270 r 
0 0 0 0 0 0 0 0  

w w  

- L  U 

- 0 PISTON/POTENTIAL, THICKNESS + CAMBER 
0 P ISTON/POTENTIAL. SYNNETR ICAL 

POTENTIAL THEORY, FLAT PLATE 

FIGURE 14. - CRITICAL INTERBLADE PHASE ANGLE AS A 
FUNCTION OF MACH NUMBER FOR THE TORSIONAL RODE 
FLUTTER OF THE NACA CASCADE. 

0 PISTON/POTENTIAL. THICKNESS + CAMBER 
0 PISTON/POTENTIAL, SYMMETRICAL 
A POTENTIAL THEORY, FLAT PLATE 

2.0 2.2 2.4 2.6 2.8 3.0 
RELATIVE MACH NUMBER 

FIGURE 15. - CRITICAL INTERBCADE PHASE ANGLE AS A 
FUNCTION OF MACH NUMBER FOR THE TORSIONAL MOM 
FLUTTER OF THE SSTF. 
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